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A linkage of rigid bodies in n-space consists of a set of n-dimensional rigid 
bodies in n-space, certain pairs of which are linked together by one or more rigid 
bars using universal (ball) joints. Such a structure is canonically associated (bodies 
to vertices, bars to edges) with a multi-graph. We show that a multi-graph can be 
realized as a rigid linkage of rigid bodies in n-space if and only if it contains 
n(n + I)/2 edge disjoint spanning trees. Some techniques for generating rigid 
linkages are also discussed. 
LINKING RIGID BODIES IN R” 
Imagine that you have two rigid bodies in space and you want to link 
them together using some bars by means of universal (ball) joints. An 
engineer will tell you that 6 is the minimum number of bars you will need. 
Suppose you have more than two rigid bodies. Then what is the minimum 
number of bars you will need and how should these bars be distributed in 
order that the resulting structure be rigid? It is this problem of the generic 
rigidity for linkages of rigid bodies that we propose to investigate in this 
paper. In particular we prove that if you have b rigid bodies, then you will 
need 6(b - 1) bars and these bars should be distributed so that there are no 
more than 6(m - 1) bars between any subset of m rigid bodies. This result is 
also generalized to higher dimensional spaces. 
The type of structures studied here is closely related to another class of 
structures-bar and joint frameworks [3,6,9, 10, 12, 151. The problem of 
the generic rigidity for bar and joint frameworks in the plane has been solved 
(Laman, [9]). However, the corresponding problem in 3-space is still 
unsolved. It is hope that our work here may provide some insight into this 
unsolved problem. 
The contents of the sections are Section 1, the theory of screws, Section 2, 
the geometry of rigid-body linkages in R3; Section 3, induced constraints; 
Section 4, criterion for rigidity of abstract linkages; Section 5, generalizations 
to higher dimensional linkages; and Section 6, Henneberg replacement. 
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Some notational conventions are in order. A vector in R” will usually be 
denoted by capital Roman letters, A, B, C,..., its components with small 
letter with subscripts, i.e., (a,, a, ,..., a,), etc. The projective coordinates of a 
euclidean point A is denoted by (A, 1) = (a,, a,,..., a,, 1). If S is a finite set, 
s will denote its cardinality. Also “if and only if’ shall be abbreviated iff. 
1. THE THEORY OF SCREWS 
A rotation about an axis in R3 is given by the angular velocity vector 
A = (a,, a2, a3) and a point Q = (ql, q2, q3) on the axis of rotation. The 
velocity vector V= (vi, v2, u3) for any point P = (p, ,p3 ,p3) is given by 
V= Ax(P - Q). The vector below whose entries are the six minors of 
( al 41 6 92 a3 q3 0 1 1. . 
= ((AxQ),, - (AxQ),, WQ),, al, a,, a,) 
= @,~P2~P3~P4~P5~/d 
gives all the information on the rotation because 
Hence p can be identified with the vector (p, ,..., p6), and M, which is defined 
to be the 4 x 4 matrix on the left side of the above expression is called the 
action matrix of p. 
When the space undergoes a translation r, the velocity vector at each point 
P= (p,,p2,p3) is a constant vector I’= (ui, v2, u3)= (-r3, r3, -5,). Hence 
the action matrix M, of r, i.e., M,(P, 1) = (V, -V.P), is 
11 
( 
0 0 0 -r3 
0 0 0 r2 
f, = 
0 0 0 -5, 
r3 -r2 51 0 i 
and r can be identified with the vector r = (rl , r2, r3, 0, 0,O). 
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Suppose the 3-space undergoes simultaneously a rotation p and a tran- 
slation t (not necessarily along the rotation axis) with action matrices M, 
and M,, respectively. Then the instantaneous velocity V at each point 
P= (p1,pZ,p3) is given by (M, +M,)(P, l)= (V, -V.P). The resulting 
motion is called a screw S. The action matrix M of S is given by M, + M,, 
and S=p+t. 
It is apparent from the foregoing analysis that if the space undergoes two 
screw motions S, and S, simultaneously, then the resultant motion is a third 
screw motion S = S, + S,. Hence the space of screw motion with + as 
defined is a 6-dimensional real vector space. 
The theory of screws was studied extensively by Sir Robert Ball towards 
the end of the last century (Ball [ 11). There is a revived interest in recent 
years (Hunt [S], Rooney [ 11 I). Our presentation here benefited a great deal 
from the works of Henry Crapo (unpublished), and Walter Whiteley [ 151. 
Constraints 
Constraints on the motions of a rigid body are also construable as screws. 
Constraints are ways of fixing, or restricting the motions of the body, for 
example, by fixing points, or connecting points to fixed points by bars, etc. 
Consider a rigid body K linked by a bar C to a fixed point in space. C 
imposes a constraint on the motions of K, i.e., K is not permitted to translate 
in a direction parallel to C. Take two points A and B on C. Coordinatize the 
bar C as (cl, c2 ,..., cs), where 
This is called the Plucker coordinates of the line AB. 
(Note: Let S, C E R 6. Define [S, C] = SIC6 - SIC5 + sjc, + s4c3 - 
sscZ + ssc, . Then a vector L in R 6 is the coordinate vector of a line iff 
[L, L] = 0. The condition [L, L] = 0 is known as the p-relation in the 
literature (Hodge and Pedoe [ 11.) 
We are interested in finding the relationship between a screw motion S of 
K permitted by C and the constraint C. A screw motion S whose action 
matrix is M is permitted by the constraint C iff the velocity of any point Q 
along the 1ineAB is orthogonal to the direction of C, i.e., L(Q, 1). 
(A - B, 0) = 0. Since Q = rA + sB, with r + s = 1, expanding the above we 
have (r + s)[S, C] = 0. Thus we have the following definition of a constraint. 
A constraint in space is simply a vector in R6. A screw motion is 
permitted by a constraint C iff [S, C] = 0. 
The space of constraints is also a real vector space under vector addition. 
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Because of bilinearity of [ , 1, it follows that if S, and S, are screw motions 
permitted by a constraint C then so is any linear combination of S, and S,; 
conversely, if C, and C, are two constraints which permit a screw motion S 
then so does any linear combination of C, and C,. 
The following proposition gives the dimension of the motion space 
permitted by a set of constraints. 
PROPOSITION 1.1. Let d be the rank of a set of constraints. Then the 
dimension of the space of permitted motions is 6 - d. 
Proof: Let L and M be respectively the set of constraints and permitted 
motions. For each C = (c 1 ,..., c,) E L, define C* = (cc, -c5, c,, c3, -c,, c,). 
Let L * = (C* 1 C E L}. Then M is the orthogonal complement of L *. But 
rank of L* = rank of L = d. Therefore the dimension of M is 6 - d. I 
2. THE GEOMETRY OF RIGID-BODY LINKAGES IN R3 
DEFINITION 2.1. An abstract linkage N, = (B, C) is a finite set 
B = (l,..., b) whose elements are called rigid bodies, and a subset C of 
B x B x N, where N is the set of natural numbers, and i <j for each 
(i,j, k) E C. (An element (i,j, k) of C, called a generic constraint, can be 
thought of as the kth bar that joins the bodies i and j.) In the language of 
graphs, an abstract linkage is simply a multi-graph with vertex-set B and 
edge-set C. 
A linkage in R3 is a triple N = (B, C, P), where (B, C) is an abstract 
linkage and P : C--t R6 is a map. Each P(i, j, k), (i,j, k) E C is called a 
constraint. (B, C, P) is called a 3-realization of (B, C). 
A sublinkage (B’, C’) of an abstract linkage N, = (B, C) is an abstract 
linkage with B’ c B and C’ s C. A sublinkage (B’, C’, P’) of a linkage 
(B, C, P) is a linkage with B’ G B, C’ G C and P’ the restriction of P to C’. 
As a matter of convenience, we shall adopt the following convention 
throughout: An abstract linkage N, = (B, C), a linkage N = (B, C, P), where 
B = { 1, 2 ,..., b}, and 1 Ct = c. Also N’ = (B’, C’, P’), etc. 
Remark 2.2. A constraint P(i,j, k) is a bar iff its coordinates satisfy the 
quadratic p-relation described earlier. The inclusion of screws as constraints 
is only natural in view of our definition of a constraint and its relation to a 
screw motion. The advantage is that this setting gives rise to a neat theory. 
Physically it is not known, however, how one can build a linkage of rigid 
bodies using screws which are not bars as constraints. 
Remark 2.3. If a linkage has only bars as constraints, then the linkage 
can be thought of physically as a linkage of rigid bodies in the real world as 
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follows: Each rigid body is sufficiently large so that it will intersect with the 
bars that are incident with it and that bars are attached to the bodies by 
means of universal (ball) joints. 
We now discuss the distance condition. Let B, and B, be two rigid bodies 
in R3 and suppose C is a bar joining A E B, to A’ E B,. Further suppose 
that for each i, Bi moves with a screw motion Si such that the distance 
between A and A’ is preserved. Thus if Mi is the action matrix of Si, we 
have (M,(A, 1) - M2(A’, 1)) . (A -A’, 0) = 0. Simplifying this expression 
we get [S, -S,, C] = 0, where C is the Plucker coordinates of the bar C. 
This is the distance condition for motions of rigid bodies. 
DEFINITION 2.4. A compatible motion of a linkage in R3, N = (B, C, P), 
is a function m : B + R6, which assigns a screw motion m(i) to each rigid 
body i, so that for each (i,j, k) E C, [m(i) -m(j), P(i, j, k)] = 0. A 
compatible motion is trivial if m(i) = m(j) for all i, j E B. A linkage N is 
infinitesimally rigid (which we shall abbreviate to rigid) iff each compatible 
motion of N is trivial. 
Since the distance condition is linear, the set of compatible motions M of 
a linkage is a vector space over R and the dimension of the space of its 
trivial compatible motions is 6. Thus we are led to: 
DEFINITION 2.5. The internal degree of freedom f(N) of a linkage N is 
dim M - 6, where M is the set of compatible motions of N. The rank r(N) of 
N is defined to be 6b-dim M (as the internal degree of freedom of a linkage N 
with no constraints is 6b). The rank of a subset C’ of C is the rank of the 
sublinkage N’ of N having C’ as its set of generic constraints. 
The rank function on the subsets of C defines a combinatorial geometry 
(see Crapo and Rota [2]), the structure geometry of N. In fact elements of C 
are coordinatizable as follows: For each constraint P(i, j, k), let [i, j, k] be 
the vector in (R”)* whose ith coordinate is P(i, j, k), the jth coordinate 
-P(i,j, k) and zeroes occur elsewhere. Let 7~ be the cX(6b) matrix over R 
whose row vectors are [i,j, k], (i,j. k) E C. (rr is known as the coordinatizing 
matrix of N). Suppose m is a function m : B + R 6, and recall the transfor- 
mation * in the proof of 1.1. Then 
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Therefore m is a compatible motion of N iff 
=o 
Hence the space of compatible motions is isomorphic to the kernel of 7~. 
Therefore we have r(N) = row rank of rr. Thus [i,j, k] coordinatizes the 
constraint P(i,j, k). 
DEFINITION 2.6. A set of constraints is dependent or independent if the 
set of corresponding coordinatizing vectors is linearly dependent or 
independent respectively. A set of constraints is a circuit if it is a minimal 
dependent set. A linkage is independent, dependent or a circuit if its set of 
constraints is independent, dependent or a circuit respectively. 
We can also define a rank function r,(C’) on a subset C’ of C of an 
abstract linkage N, as: r&C’) = max{r(C’) in N]N a realization of N, in 
R “}. Likewise, this function defines a combinatorial geometry on C, the 
generic structure geometry of N,. As a result we define N, to be generically 
rigid in R3 if it has a realization in R3 which is rigid. 
To distinguish between the two geometries, we affix a prefix “g-” or a 
subscript “g” for those properties that are in the generic structure geometry. 
For example, g-circuits, rg, etc. 
The generic constraints are also coordinatizable. To each (i,j, k) E C 
assign 6 independent indeterminates x,, x2 ,..., x6. Write X(i, j, k) = (x, ,..., xJ. 
Define [i,j, k], to be the vector in (R[ . . . . X(i,j, k) ,..., I”)” with the ith 
component X(i,j, k), the jth component-X(&j, k) and zeroes elsewhere. 
Then [i,j, k], coordinatizes (i,j, k) in the generic structure geometry of N,. 
From the preceding discussion it follows that for a linkage to be rigid, 
6b - 6 constraints are necessary. Whether or not 66 - 6 constraints are 
sufficient is the main concern of the remaining sections. 
3. INDUCED CONSTRAINTS 
We shall study 3-body linkages in some detail in order to motivate the 
definitions and preliminary results in this section. 
First consider the following special case where there is 1 bar linking 
bodies i and j and another linking j and k, and there is no bar between bodies 
i and k. In this 3 body linkage, if the two bars lie on the same straight line, 
we see that one of the motions between i and k is blocked, i.e., we cannot 
move i relative to k along that particular line. We say, in this case, that a 
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constraint is induced between i and k, and k moves with 5 degrees of 
freedom relative to i. If the two bars do not lie on the same straight line, k is 
free to move relative to i and hence no constraint is induced, i.e., if the 
position of i is fixed, there is no constraint whatsoever on the motions of k. 
The above discussion motivates the following important notion of induced 
constraints. 
DEFINITION 3.1. (1) Let N be a linkage and i, j E B, i <j. Let cii E R 6. 
Define [cii] to be the vector in (R6)b whose ith component is cij, the jth 
component -cij and zeroes occur elsewhere. Also let (A) denote the space 
generated by a set of vectors A. Then cii is an induced constraint between i 
andj if [CijJ E ({ [ m, n, k]l(m, n, k) E B, (m, n} # {i,j} I). 
(2) The space of induced constraints between i and j, denoted by 
C’(i, j), is the set of all induced constraints between i and j. 
(3) The space of constraints between i and j, denoted by C(i,j), is- 
(VW, k)l(i,j, k) E B I). 
(4) The space of relative motions between i and j, denoted by M(i, j), 
is the set 
(SER6][S,A]=OforallAEC(i,j)+C’(i,j)). 
The + here denotes the sum of two vector spaces. 
(5) The relative degree of freedom between i and j, denoted by f (i, j), 
is dim M(i, j). 
PROPOSITION 3.2. A linkage N in R’ is independent ijjf for each pair of 
FIGURE 1 
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rigid bodies i and j, we have C(i,j) n C’(i, j) = (0} and the constraints 
between i and j are independent as vectors in R6. 
ProoJ Suppose N is independent. Then each of its constraints is not 
dependent on the others. Hence the given conditions must hold, for otherwise 
a linear combination of the constraints between i and j is equal to a linear 
combination of the other constraints or one of the constraints between i and j 
is a linear combination of the constraints between i and j, and this is 
impossible. It is easy to check the converse. I 
We shall now look at 3-body linkages in R3 in detail. First consider the 
example in Fig. 1, which is a linkage with 3 bodies and 4 bars. The co- 
ordinatizing matrix of the linkage is the matrix 
1 2 3 
















An induced constraint between 1 and 3 looks like (ci3, O,-ci3), where 
cl3 E C( 1, 2) n C(2, 3). This implies C’( 1, 3) = C(2, 3) fl C( 1, 2). 
Now consider the motion space M(i, j). Recall the transformation in 1.1 
which takes a vector C in R6 to C*. We then have M(l,2) = (C(l, 2)“)l , 
M(2,3) = (C(2,3)“Y, and M(1,3) = (C(l, 2)* f7 C(2,3)*)‘= (C(I, 2)*)l+ 
(C(2, 3)*)’ = M(1,2) + M(2, 3). Hence if dim(C(l,2) + C(2, 3)) = 4, 
M( 1, 3) is then 6-dimensional. If the set of four bars as vectors in R6 is of 
rank 3 then dim C/(1,3) = 1, and dim M(l, 3) = 5. 
The preceding is clearly true for an arbitrary 3-body linkage in R3. Hence 
we have 
PROPOSITION 3.3. In a 3-body linkage: (1) C’(1, 3) = C(l,2) n C(2, 3), 
and (2) M( 1,3) = M( 1,2) + M(2,3). 
Also, if we let m : (1, 2, 3) + R6 be a function satisfying m(1) = 0, 
m(2) E M(1,2) and m(3) E M(1, 3), then m(2) - m(3) E M(2,3), and m is a 
compatible motion of the 3-body linkage (in Fig. 1). Conversely, if m is a 
compatible motion, then m( 1) - m(2) E M( 1,2), m( 1) - m(3) E M( 1, 3) and 
m(2) - m(3) E M(2, 3). A similar statement is also true for linkages with 
more than 3 bodies, thus justifying our definition for relative motion space. 
PROPOSITION 3.4. Let N be a linkage in R ’ and I,2 E B. Then 
WL 2) = {m(l) - m(2>1 m a compatible motion of N). 
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ProoJ: Let m be a compatible motion of N. m can be identified with a 
vector M = (m(l),..., m(b)) E (R6)b. Let M* = (m(l)*,..., m(b)*), where * is 
the transformation of 1.1. Then for each (i,j, k) E B, [i,j, k] . M* = 0. Let 
A E C’(l,2)+ C(1,2). Then [A]. M* =0 because [A] is a linear 
combination of the [i,j, k]‘s. Also [A] = (A, -A, O,..., 0). Therefore 
(A] . M* = [m(l) - m(2),A] = 0, and m(1) -m(2) E M(1,2). 
Conversely, let -m(l, 2) E M(1,2). Further, let M = (m(l), 
m(2),..., m(b)) E (R6)b such that m(1) = 0, m(2) = -m( 1,2). Then m is a 
compatible motion of N iff for all (i,j, k) E B, [i,j, k] . M* = 0, i.e., 
iff M* . K = 0, where K is a cxb matrix over R 6 whose rows are 
]i,j, k], (i,j, k) E B, i.e., 
iff M* e (AI,..., A b) = 0, where A i, a cx 1 matrix over R 6, is the i th 
column of K, i.e., 
iff (m(3)* ,..., m(b)*) . (A3 ,..., Ab) = -A, . m(2)*. 
Hence N has a compatible motion m with m(1) = 0, m(2) = -m(l, 2) iff 
the following system of linear equations in m(3)*,..., m(b)* has a solution: 
(m(3)*,..., m(b)*) . (A3,..., Ab) = A, . m(l, 2)*, i.e., 
iff for all /i = (..., lij, ,...) E RC such that /i . (A3 ,..., Ab) = (0 ,..., 0) 
we have /1 . (A2 . m(l,2)*) = 0. 
But A . (A3 ,..., Ab) = (0 ,..., 0) implies that A. (A,,A, ,..., A,)= 
C,,L,,[i,j, k] = (A . A,, -/i . A,, 0 ,..., 0). By the definition of an induced 
constraint, the above imples /1 . A, E C’(1, 2) + C(1, 2). Recall -m(l, 2) E 
M(1,2), and we have 0 = [‘i . A,, m(l,2)] = (4 . A,). m(l,2)*. This 
completes the proof. I 
We have two corollaries. 
COROLLARY 3.5. A linkage N in R’ is rigid if there is spanning tree T of 
N such that (i, j) is an edge of T implies dim M(i, j) = 0 (or equivalently 
dim(C(i, j) + C’(i, j)) = 6) in N. (A tree is a connected graph on a set of 
vertices with no cycle of edges. A spanning tree of a graph G is a subgraph 
which is a tree and contains all vertices of G.) 
Proof Suppose (i’, j’) is an edge of T. By the hypothesis M(i’, j’) = (0). 
By 3.4 m(i’) = m(j') for each compatible motion m of N. Since T is a 
spanning tree m(i) = m(j) for each i, j E B. Therefore m is trivial and the 
linkage is rigid. 1 
COROLLARY 3.6. An abstract 3-body linkage has a rigid realization iff it 
has 12 constraints and there are no more than 6 constraints between any two 
of the three bodies. 
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ProoJ: Let m, n and p be the number of constraints linking bodies 1 and 
2, 2 and 3, and 1 and 3, respectively. Without loss of generality, we can 
assume that m and n are both greater than 0. Then m + n > 5, for otherwise 
p > 6. NOW realize the linkage so that dim C(l, 2) = m, dim C(2,3) = n and 
dim (C( 1,2) + C(2,3)) = 6. Then dim C’( 1,3) = dim (C( 1,2) n C(2,3)) = 
dimC(1,2)+dimC(2,3)-dim(C(1,2)+C(2,3))=m+n-6=6-p. It 
is now possible to realize the remaining p constraints so that 
dim (C’(1, 3) + C(l, 3)) = 6. By 3.5 the linkage is rigid, [ 
The above result is but a simple case of the general result to be presented 
in the next section. 
4. CRITERION FOR RIGIDITY OF ABSTRACT LINKAGES 
We need to introduce the following definition and propositions before 
presenting the main theorem. 
DEFINITION 4.1. Let N, = (B, C) be an abstract linkage. A vector T in 
(R[ . . . . X(i,j, k) ,... I”)” is an induced constraint between i’, j’ E B if T is an 
element of the space generated by {[i, j, k], ](i,j, k) E C}, with its ith 
coordinate A, the jth coordinate -A, where A E R [ . . . . X(i, j, k) ,... 16, and 
zeros occur elsewhere. Ci(i’, j’) denotes the space of induced constraints 
between i’ and j’. C&i’,j’) denotes the space generated by the vectors 
[i’, j’, k’] and is called the space of constraints between i’ and j’. The 
relative generic degree of freedom f,(i, j) between i and j is defined to be 
6 - dim (C;(i, j) + C&i, j)). f,(N,), the generic internal degree of freedom of 
N,, is defined to be 6(b - 1) - rg(Nn), where r&N,) is the rank of N,. 
PROPOSITION 4.2. Consider a g-independent abstract linkage N, with 
I,2 and 3,4 as two distinct pairs of bodies (though the two pairs may have a 
body in common). Suppose (1,2, i) is a generic constaint whose removal 
reduces the dimension of the space of induced constraints between 3 and 4 by 
one. Then adding a generic constraint (1, 2, j) (while keeping (1,2, i)) 
increases the dimension of induced constraints between 3 and 4 by one, 
provided (1, 2,j) & C&l, 2) + C;(l, 2) in N,. 
ProoJ We have the following situation: (1,2, i) induces a constraint T,, 
between 3 and 4, and both (1, 2, i) and T34 are in a circuit C,. (1, 2, j) also 
induces a constraint Ti4 between 3 and 4 and both are contained in a circuit 
C,. This is true because in an abstract linkage one bar between a pair of 
bodies is just as good as another. 
Suppose the rank of induced constraints between 3 and 4 remains 
unchanged on adding (1,2, j), then T,, and Ti4 are contained in a third 
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circuit C, which does not include (1,2,j). Besides T,, or T&, C,, C,, and 
C, do not contain any other induced constraints. By circuit exchange 
(C, U C,) - {T,,} contains a circuit C, which includes Ti4 and C, U C, - 
(Ti4} contains a fifth circuit C, which contains (1, 2,j) but not T,, nor Ti4. 
This shows that (1, 2,j) E C&l, 2) + Cg(l, 2), which is a contradiction. 1 
A consequence of the above is 
THEOREM 4.3. Let 1 and 2 be two distinct rigid bodies in an g- 
independent abstract linkage N,. If f,( 1, 2) = 0, then 1 and 2 are contained 
in a sublinkage which is g-rigid. 
Proof. Case 1. If there are six generic constraints between 1 and 2, the 
result is obvious because 1 and 2 together with the six generic constrains 
constitute the sublinkage we are looking for. 
Case 2. There are less than 6 generic constraints between 1, 2. Then there 
is an induced constraint, A, between 1 and 2. Hence there is circuit D 
consisting of a set of generic constraints in N, and A. Let (3,4, i) E D be a 
generic constraint between bodies 3 and 4. Then the removal of (3,4, i) 
reduces dim Ci( 1,2) by one. Applying the above proposition we find that 3 
must be g-rigid relative to 4 (i.e.,f’(3,4) = 0) because no additional generic 
constraint can be added without introducing a dependency-if such a generic 
constraint exists, then it would increase dim C;(l, 2) by one, and this is 
impossible because 1 is already g-rigid relative to 2. 
Since 3 and 4 are two arbitrary rigid bodies which are linked by a generic 
constraint in D, therefore all the pairs of rigid bodies which are linked by 
generic constraints in D are g-rigid relative to each other. If the induced 
constraints between any such pair are generated by the generic constraints in 
D, the sublinkage consisting of these rigid bodies and the generic constraints 
between them is g-rigid by 3.5. 
Otherwise, there is an induced constraint which is generated by a set of 
generic constraints E # D. By employing similar arguments, each pair of 
rigid bodies linked by generic constraints in E are g-rigid relative to one 
another in N,. 
Continuing this process, eventually we arrive at a set of rigid bodies which 
contains 1 and 2 and satisfies : (1) each pair of bodies which is linked by a 
generic constraint is g-rigid relative to each other, and (2) the induced 
constraints between all such pairs are generated by the generic constraints 
which link together this set of rigid bodies. The sublinkage consisting of 
these bodies and the generic constraints which link together these bodies is a 
sublinkage which is g-rigid and contains 1 and 2. 1 
This result leads to the characterization of g-rigid and g-independent 
abstract linkages. 
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THEOREM 4.4. An abstract linkage N = (B, C) with b bodies is g-rigid 
and g-independent 13 it has 6(b - 1) generic constraints and there are at 
most 6(m - 1) generic constraints linking any m of its bodies. 
Proof. The necessity is obvious. Sufficiency is established by induction 
on b. The result is true for b = 2,3. Assume that the result is true for b < k. 
Consider an abstract k-body linkage N; = (B’, C’) which satisfies the 
above conditions. Take any body i in the linkage. There are at least 6 generic 
constraints entering i, otherwise the remaining k - 1 bodies would have more 
than 6(k - 2) generic constraints. Number these generic constraint 1 to m, 
where m > 5 is the number of generic constraints entering i. 
By the induction hypothesis the sublinkage of Ni which consists of all the 
bodies of Ni except i and whose generic constraints are the generic 
constraints of Ni except those entering i, is g-independent. Let NP, 0 < p < 
m + 1, be the sublinkage N, = (B’, C’ - (p + l,..., m)). Obviously N, to N, 
are g-independent because linking a rigid body with 6 or less generic 
constraints to an g-independent linkage yields another g-independent linkage. 
If N,,, is g-rigid, we are done. If not, N, is g-dependent because it has b 
bodies, 6(b - 1) generic constraints and rank <6(b - 1). Let N,, , be the 
first g-dependent sublinkage. Then in N, the body, say j, which is linked to i 
by the (q + 1)th generic constraint is g-rigid relative to i. For otherwise N,, , 
is g-independent. By Theorem 4.3, i and j are contained in a g-rigid 
sublinkage Ni of N, which contains t (>2) bodies. Since a f-body linkage 
which is g-rigid has at least 6(t - 1) generic constraints, and in N, any t 
bodies do not have more than 6(t - 1) generic constraints between them, 
therefore Ni has 6(t - 1) generic constraints. But N; contains both i and j 
but not the (q + I)th generic constraints. Now add this generic constraint to 
Ni and we have more than 6(t - 1) generic constraints between the t bodies 
in N;, a contradiction. This completes the proof. 1 
We have two corollaries, 
THEOREM 4.5. In a g-independent abstract linkage N,, suppose 
f,( 1,2) = k, and that a generic constraint (3,4, i) is added between a pair of 
bodies 3 and 4. Then the addition of (3,4, i) increases the dimension of 
C;(l, 2) by one sff there exists a sublinkage L of Ng which contains the 
bodies l,..., 4 such that f,(L) = k and f,(l, 2) = k in L. 
Proof: For sufficiency we need only observe that in L, f,( 1,2) <f,(L). 
Necessity. The addition of (3,4, i) increases the dimension of Ci(1, 2) in 
Ng by 1. By 4.3, we can add k generic constraints between 3 and 4 so that 
the abstract linkage Mg = (B, C U the k generic constraints) is g-independent 
and f,( 1,2) = 0 in M,. Hence 1 and 2 are contained in a g-rigid sublinkage 
L = (B’, C’) of M, which also contains 3 and 4. Now in L' = (B', C' U the 
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k generic constraints), f,(L’) = k and fB(l, 2) = k by 4.3. L’ is therefore the 
required sublinkage. 1 
THEOREM 4.6 (Generic circuits). An abstract linkage Ng is a g-circuit iff 
it has 6b-5 generic constraints and there are at most 6(k - 1) generic 
constraints between any of its k bodies (k < b). 
ProoJ The proof is an easy consequence of 4.4. 
Remark 4.7. An abstract linkage can be identified with a simple 
multigraph in an obvious way. The counting condition in 4.4 is then 
equivalent to W. T. Tutte’s counting criterion for a graph to be decom- 
posable as a union of edge-disjoint spanning trees (Tutte, [ 131). Thus an 
abstract linkage is minimally generically rigid in R3 iff it, as a graph, is a 
union of 6 edge-disjoint spanning trees. And a polynomial algorithm 
(Edmonds [5]) to check the conditions in 4.4 follows. 
5. GENERALIZATIONS TO HIGHER DIMENSIONAL LINKAGES 
The results in Section 4 can be generalized to linkages in higher dimen- 
sional spaces. In this and the next section d = n(n + 1)/2. 
DEFINITION 5.1. A linkage of rigid bodies N= (B, C, P) in R” consists 
of an abstract linkage N, = (B, C) together with a map P: C + Rd. The 
linkage N is an n-realization of N,. For each (i,j, k) E C, P(i,j, k) is a 
constraint. 
To define a compatible motion of a linkage in R” we need a suitable 
extension of the bracket product [, 1. Let S = (s, ,..., s,) and C = (ci ,..., c,) be 
two vectors in R”. 
Define 
n/Z n/2 
IS, C] = \‘ (-l)‘+’ SiCRmif, + \’ (-l)‘+’ Snpi+iCi 
i-1 i= L 
if n is even. 
if n is odd. 
When n = k(k + 1)/2, the bracket product is the Laplace expansion of the 
determinant of a certain kxk matrix. Let A, ,..., A, be k vectors in R k, and rr 
the matrix (Al,..., Ak), where each Ai is a column vector. If S is the vector in 
R” formed by taking the determinants of the 2 X 2 minors of the matrix 
(A,, A,) and C the vector in R” formed by taking the determinants of the 
(k - 2) x (k - 2) minors of the matrix (A3,..., Ak), then [S, C] is the deter- 
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minant of 71 provided the determinants of the minors are taken in an 
appropriate order. (Note: In the Cayley algebra of extensors, Doubilet, 
Rota, and Stein [4], S is the 2-extensor A, V A,, a directed line segment 
joint A, to A, in Rk and C is the (k - 2)-extensor A, V 0.. VA, which is a 
directed piece of a (k - 2) affine subspace of Rk. A discussion on the 
application of Cayley algebra to structure geometries can be found in 
Whiteley [ 151 and Crapo and Whiteley [3].) 
DEFINITION 5.2. A compatible motion of a linkage N = (B, C, P) in R * is 
a map m : B -+ Rd such that [m(i) - m(j), P(i,j, k)] = 0 for each (i,j, k) E C. 
A constant map is a trivial motion. A linkage is rigid if its compatible 
motions are all trivial. 
With these definitions, we can define the structure geometry of a linkage 
of rigid bodies in R” and the n-generic structure geometry of an abstract 
linkage. The respective coordinatizing matrices can be constructed as before. 
Also an abstract linkage is ng-rigid and ng-independent if it is rigid and 
independent in the n-generic structure geometry. 
The techniques developed in the previous sections can be copied to prove 
the following theorems which generalizes the results in Section 4. The proofs 
are omitted. 
THEOREM 5.3. An abstract linkage with b bodies is ng-rigid and ng- 
independent 13 it has d(b - 1) generic constraints and each of its sublinkage 
with m bodies has no more than d(m - 1) generic constraints; or equivalently 
IY it is a union of d edge-disjoint spanning trees. 
The graphic geometry on (the edge-set of) a graph G is the combinatorial 
geometry whose independent sets are sets of edges of G which contain no 
cycles. If M,, M, ,..., M,, are combinatorial geometries on a set S, the union 
M, v M, ,..., UM, is the geometry whose independent sets are of the form 
x,ux,u . . . X, where Xi is an independent set of M,, 1 < i < n (Welsh 
[ 141). By the above we have 
COROLLARY 5.4. The n-generic structure geometry of an abstract 
linkage N, is the union of d copies the graphic geometry on N,. 
ProoJ: We need only note the maximal independent sets of the union are 
the unions of d edge-disjoint trees. I 
We also have a characterization of circuits (minimal dependent sets) in 
the n-generic structure geometry of an abstract linkage. 
THEOREM 5.5. An abstract linkage with b bodies is a circuit in the n- 
generic structure geometry iff it has d(b - 1) + 1 generic constraints and 
RIGIDITY OF MULTI-GRAPHS. I 109 
each collection of m(<b) bodies has no more than d(m - 1) generic 
constraints. 
In this paper generic constraints are coordinatized using independent 
indeterminates. Thus abstract linkages are realized as linkages in R” with 
both bar-like and screw-like constraints (see Remark 2.2). In [ 121, generic 
constraints are coordinatized using indeterminates which satisfy some 
polynomials identities-the X(i,j, k)‘s satisfy the quadratic p-relations as 
stated in [ 71. With this restriction 5.3 remains true [ 12, Theorem 4.171. This 
means an ng-rigid abstract linkage can be realized as a rigid linkage in R” 
with only bar-like constraints. 
6. HENNEBERG REPLACEMENTS 
In engineering there is a technique of building rigid structures by adding 
members (bars, bodies, etc) to an existing rigid structure and then deleting 
from it a certain number of members. This technique is known as the 
Henneberg replacements (Henneberg [6]). The method of Henneberg 
replacements, while interesting in its own right, is also used in the standard 
proofs of the characterization of generic rigidity for bar and joint 
frameworks in the plane, i.e., Laman’s theorem [9]. Henneberg replacement 
problems for bar and joint frameworks in 3-space are still unsolved. In this 
section we shall provide a solution to this problem for abstract linkages. 
THEOREM 6.1. Let N be an abstract linkage and N’ be the abstract 
linkage obtained from N by attaching a new body with d constraints to 
bodies, i, , i, ,..., i,, not necessarily distinct. Then N is ng-rigid and ng- 
independent off N’ is also ng-rigid and ng-independent. 
Proof. It is clear that both N and N’ will fail or satisfy the counting 
condition in 5.3 simultaneously. 1 
THEOREM 6.2. Let N be an ng-rigid and ng-independent abstract linkage 
and (i, j, k) be a generic constraint of N. Suppose N’ is the abstract linkage 
obtained from N by deleting (i, j, k) and attaching a new body x with d + 1 
generic constraints to d + 1 bodies, not necessarily distinct, and two of which 
must be i and j. Then N’ is ng-rigid and ng-independent. 
Proof N is a union of d edge-disjoint spanning trees T,,..., Td. Suppose 
T, is the spanning tree containing (i, j, k). Let co,..., cd, be constraints that 
are incident with x such that c, is incident with i and c, with j. Further let 
TI=T,U((c,,c,)}-((i,j,k)} and T,!=TjU{ci}, 2<i<d.Then (T ,,..., Td} 
is a set of d edge-disjoint spanning trees of N’. Therefore N’ is ng-rigid and 
ng-independent. I 
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A more general result also holds: 
THEOREM 6.3. Let N = (B, C) be an ng-rigid and ng-independent 
abstract linkage, and F = {(il,j,, kl),..., (if, jf, k,)} be a set off generic 
constraints between the pairs (ip, jJ, 1 <p <f, which are not necessarily 
distinct. Suppose N’ is the abstract linkage obtained from N by deleting the 
set of generic constraints F and attaching a new body x to N by (d +f) 
constraints, one to each body in the pairs (it,, j,), 1 < p <1; the rest to any set 
of (d-f) bodies. Then N’ is also ng-rigid and ng-independent. 
Proof. N’ has b + 1 bodies and d(b - 1) generic constraints. Any 
sublinkage of N’ with m bodies and which does not contain the body x has 
no more than d(m - 1) generic constraints. 
Consider a sublinkage M’ of N’ which contains the body x, M’ is 
obtained from a sublinkage M of N by deleting a subset of q generic 
constraints from D and adding the body x and at most (d -f + 2q) generic 
constraints. If m is the number of bodies in M and e the number of generic 
constraints, then e & d(m - 1). Also if e’ is the number of generic constraints 
in M’, then 
e’<e+(d-f+2q)-q=dm+(q-f)<dm asq<J 
Hence N’ satisfies the conditions in 5.3 and is therefore ng-rigid and ng- 
independent. I 
To complete the picture we present the converses to 6.2 and 6.3. 
THEOREM 6.4. Let N be an ng-rigid and ng-independent abstract 
linkage. Suppose x is a body in N which is incident with (d + k) generic 
constraints. Then among the set, B,, of bodies which are linked to x, there 
are k pairs (i,, j,) ,..., (ikr j,), not necessarily distinct, such that the new 
linkage N’ formed by deleting from N the body x and its incident generic 
constraints, and then inserting k generic constraints, each between a pair 
(ip, jr,), 1 < p < k, is ng-rigid and ng-independent. 
The following lemma, which generalizes 4.3, is needed to prove the 
theorem. 
LEMMA 6.5. Suppose 1 and 2 are a pair of bodies in an ng-independent 
abstract linkage N. If 1 and 2 are n-generically rigid relative to each other 
then they are contained in an ng-rigid sublinkage of N. More generally, 
suppose 1, 2,..., i are a subset of bodies in an ng-independent abstract linkage 
N. If these bodies are pairwise n-generically rigid relative to each other, then 
they are contained in a sublinkage of N which is ng-rigid. 
RIGIDITY OF MULTI-GRAPHS. I 111 
The proof of this lemma is similar to that of 4.3 and will be omitted. 
Proof 6.4. We shall carry out the replacement one at a time. First delete 
any one of the generic constraints, say a,, which is incident with x to obtain 
a new abstract linkage N,. Suppose we cannot insert a generic constraint 
between any pair of bodies in B, without introducing a dependency. Then in 
N, the bodies in B, are pairwise n-generically rigid relative to each other. 
Since N, is ng-independent, by 6.5, the set of bodies in B, is contained in an 
ng-rigid sublinkage of N, . The addition of a, will produce a sublinkage of N 
which is ng-dependent, violating the independence of N. 
Hence from N we can delete a generic constraint which is incident with x 
and insert a generic constraint between a pair of bodies in B, to obtain an 
ng-independent linkage Ni, If we carry out this process k times we would get 
an ng-rigid and ng-independent linkage Ni in which x is incident with generic 
constraints. By 6.1, x, along with its incident generic constraints can be 
deleted to yield the desired abstract linkage N’. m 
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